K(βS) is not closed  by Zelenyuk, Yevhen
Topology and its Applications 158 (2011) 1721–1723Contents lists available at ScienceDirect
Topology and its Applications
www.elsevier.com/locate/topol
K (β S) is not closed
Yevhen Zelenyuk 1
School of Mathematics, University of the Witwatersrand, Private Bag 3, Wits 2050, South Africa
a r t i c l e i n f o a b s t r a c t
Article history:
Received 24 March 2011
Received in revised form 17 May 2011










Let S be an inﬁnite discrete semigroup which can be embedded algebraically into a group
and let β S be the Stone–Cˇech compactiﬁcation of S . We show that if |S| is not Ulam-
measurable, then the smallest ideal of β S is not closed.
© 2011 Elsevier B.V. All rights reserved.
The operation of a discrete semigroup S naturally extends to the Stone–Cˇech compactiﬁcation β S of S making β S a right
topological semigroup with S contained in its topological center. That is, for each p ∈ β S , the right translation
β S  x → xp ∈ β S
is continuous, and for each a ∈ S , the left translation
β S  x → ax ∈ β S
is continuous.
We take the points of β S to be the ultraﬁlters on S , the principal ultraﬁlters being identiﬁed with the points of S , and
S∗ = β S \ S . The topology of β S is generated by taking as a base the subsets of the form
A = {p ∈ β S: A ∈ p}
where A ⊆ S . For p,q ∈ β S , the ultraﬁlter pq has a base consisting of subsets
⋃
{xBx: x ∈ A}
where A ∈ p and Bx ∈ q.
As any compact Hausdorff right topological semigroup, β S has a smallest two sided ideal K (β S) which is a disjoint
union of minimal right ideals and a disjoint union of minimal left ideals. The intersection of a minimal right ideal and
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An elementary introduction to β S can be found in [4].
It is known that for every countably inﬁnite discrete cancellative semigroup S , K (β S) is not closed, and furthermore, the
set E(cl K (β S)) of idempotents from cl K (β S) is not closed [4, Theorem 8.22]. In [7], this result has been extended to an
arbitrary inﬁnite discrete semigroup which can be embedded algebraically into a compact group. However, there are many
natural uncountable groups which cannot be embedded algebraically into a compact group. For example, the group SL(2,C)
of 2× 2 complex matrices with determinant 1 (see [1, Corollary 9.12]).
In this note we prove the following theorem.
Theorem 1. Let S be an inﬁnite discrete semigroup which can be embedded algebraically into a group and assume that |S| is not
Ulam-measurable. Then both K (β S) and E(cl K (β S)) are not closed.
Recall that a cardinal κ is measurable (Ulam-measurable) if there is a κ-complete (countably complete) nonprincipal
ultraﬁlter on κ . A cardinal is Ulam-measurable if and only if it is greater than or equal to the ﬁrst uncountable measurable
cardinal. It is consistent with ZFC that there is no uncountable measurable cardinal. (See [2, Section 8].)
The proof of Theorem 1 involves some auxiliary notions and facts.
A group endowed with a topology is left topological and the topology itself left invariant if left translations are continu-
ous, equivalently homeomorphisms. All topologies are assumed to satisfy the T1 separation axiom. For every left invariant
topology T on a group G , the ultraﬁlter semigroup of T , denoted by Ult(T ), is a closed subsemigroup of βG consisting of
all nonprincipal ultraﬁlters on G converging to the identity in T (see [7, Lemma 2]).
Now suppose that S is a subsemigroup of a discrete group G and |S| = |G| = κ . Pick p ∈ E(K (β S)) and let
T = {x ∈ G∗: xp = p}.
Then there is a regular extremally disconnected left invariant topology T on G such that Ult(T ) = T [5] (see also [4,
Theorem 9.13]). Recall that a space is extremally disconnected if the closure of any open set is open.
Note that K (T ) = pT . From this we obtain that K (T ) is a right zero semigroup (=satisfying the identity xy = y). Fur-
thermore, by [4, Theorem 1.65], K (T ∩ β S) = K (T ) ∩ (T ∩ β S) = K (T ) ∩ S∗ and K (T ∩ β S) = K (β S) ∩ (T ∩ β S) = K (β S) ∩ T ,
whence K (T ) ∩ S∗ = K (β S) ∩ T .
It follows that in order to prove Theorem 1, it suﬃces to show that
Theorem 2. There are elements in cl(K (T ) ∩ S∗) which are not in (cl K (T ))T .
Indeed, let q ∈ (cl(K (T ) ∩ S∗)) \ ((cl K (T ))T ). Then clearly, q ∈ cl K (β S).
To see that q /∈ K (β S), assume the contrary. Then q ∈ K (β S) ∩ T , and so q is an idempotent. Consequently, q = qq ∈
(cl K (T ))T , a contradiction.
To see that q /∈ E(cl K (β S)), assume the contrary. Then q = qq ∈ (cl K (T ))T , a contradiction.
The crucial idea of the proof of Theorem 2 is contained in the next lemma.
Lemma 3. Let X be a nondiscrete regular extremally disconnected space and assume that |X | is not Ulam-measurable. Then there is a
sequence (Un)n<ω of clopen sets in X such that
⋂
n<ω Un is a nonempty nowhere dense set.
Proof. Choose a family B of clopen sets in X such that Y =⋂B is not open and λ = |B| is as small as possible. Since X is
extremally disconnected and Y is closed, it follows that cl int Y = int Y , that is, int Y is clopen. Let C = {U \ int Y : U ∈ B}.
Then |C| = λ, all members of C are clopen, and ⋂C = Z is a nonempty closed nowhere dense set.
Enumerate C as {Uα: α < λ}. Deﬁne a decreasing λ-sequence (Wα)α<λ of clopen subsets of X by putting W0 = X and
Wα =⋂β<α Uβ for α > 0. Then Wα =⋂β<α Wβ if α is a limit ordinal and ⋂α<λ Wα = Z . Deﬁne f : X \ Z → λ by
f (x) = α if x ∈ Wα \ Wα+1.
Pick x ∈ Z and let F denote the ﬁlter on λ with a base consisting of subsets of the form f (U \ Z) where U is a neighborhood
of x ∈ X . Clearly, ⋂F = ∅. We claim that F is a λ-complete ultraﬁlter, and so λ = ω.
To see that F is an ultraﬁlter, let A ⊆ λ. Then X \ Z is a disjoint union of open sets V A = f −1(A) =⋃α∈A Wα \ Wα+1
and Vλ\A = f −1(λ \ A). Since X is extremally disconnected, there is a neighborhood U of x such that either U ∩ Vλ\A = ∅
or U ∩ V A = ∅, so either U \ Z ⊆ V A or U \ Z ⊆ Vλ\A . It follows that either A ∈ F or λ \ A ∈ F .
To see that F is λ-complete, let μ < λ, and for every α < μ, let Aα ∈ F . Then for every α < μ, Vα = f −1(Aα) ∪ Z is
a neighborhood of x. Consequently, by the minimality of λ, V =⋂α<μ Vα is also a neighborhood of x. Deﬁne A ∈ F by
A = f (V \ Z). Then A ⊆⋂α<μ Aα . 
The next lemma is a version of Frolík’s Lemma [4, Theorem 3.40].
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(cl X) ∩ (cl Y ) = ∅.
Proof. Let A =⋃n<ω cl Xn and B =⋃n<ω cl Yn . We have that X ⊆ A, Y ⊆ B , cl X = cl A, and cl Y = cl B . It then follows that
(cl A) ∩ B = A ∩ (cl B) = ∅. Since also both A and B are σ -compact, we can apply Frolík’s Lemma. Hence (cl A) ∩ (cl B) = ∅,
and so (cl X) ∩ (cl Y ) = ∅. 
We shall need also the following lemma.
Lemma 5. Let (G, T ) be any left topological group and let Z be a nowhere dense subset of (G, T ). Then Z ∩ K (Ult(T )) = ∅.
Proof. Assume the contrary that there is r ∈ Z ∩ K (Ult(T )). Let
Y = {x ∈ G: Z ∈ xr}.
Then by [8, Theorem 2.2], there is a ﬁnite F ⊆ G such that F Y is a neighborhood of 1. On the other hand, Y ⊆ cl Z .
Indeed, if Z ∈ xr, then x ∈ cl Z , because r converges to 1. Since cl Z is nowhere dense, it follows that F Y is nowhere dense,
a contradiction. 
Now we are in a position to prove Theorem 2.
Proof of Theorem 2. Let U (G) denote the subspace of βG consisting of uniform ultraﬁlters. In [3, Theorem 8], there was
constructed an inﬁnite decomposition I of U (G) into closed left ideals of βG . Applying [3, Lemma 7] shows that for that I
the family
J = {I ∈ I: I ∩ S∗ = ∅}
is also inﬁnite. Note that {I ∩ S∗: I ∈ J } is a decomposition of U (S) into closed left ideals of β S . Pick a sequence (In)n<ω
of distinct members of J , and for every n < ω, pick an idempotent qn ∈ In ∩ S∗ ∩ K (T ). Let
q ∈ (cl{qn: n < ω}) \ {qn: n < ω}
and let I denote the member of J such that q ∈ I . Without loss of generality one may suppose that I is distinct from all In .
We show that q /∈ (cl K (T ))T .
By Lemma 3, there is a decreasing sequence (Wn)n<ω of clopen neighborhoods of the identity of (G, T ) such that
Z =⋂n<ω Wn is a nowhere dense set. For every n < ω, let Vn = Wn \ Wn+1.
Assume the contrary that q = rs for some r ∈ cl K (T ) and s ∈ T . Clearly, s ∈ I . Since r ∈ cl K (T ), Z /∈ r by Lemma 5, and
consequently,
⋃
n<ω Vn ∈ r. Thus, we have that
(









Then by Lemma 4, either qm ∈ cl⋃n<ω Vns for some m < ω or q′ ∈ Vns for some q′ ∈ cl{qm: m < ω} and n < ω. The ﬁrst
case gives us a contradiction, since cl
⋃
n<ω Vns ⊆ I and qm ∈ Im . Suppose that the second case holds. Since Vn is open and
s ∈ T , Vns ⊆ Vn by [6, Lemma 2.9]. Consequently, q′ ∈ Vns ⊆ Vn , and so Vn ∈ q′ . But this contradicts q′ ∈ T .
Hence, q /∈ (cl K (T ))T . 
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